Numerical methods for low-dimensional
quantum spin systems
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Numerical methods: Overview

A) Wave-function based approaches:
Hly )=E_ |y.)

— Exact diagonalization: L~42

Sandvik, AIP Conf. Proc. 1297, 135 (2010), PrelovSek, Bonca, arXiv:1111.5931

— Density matrix renormalization group (DMRG) method: L~100

Schollwéck Rev. Mod. Phys. 77, 259 (2005) & Ann. Phys. (NY) 326, 96 (2011)

B) Partition function-based techniques:
Z(B)=exp(—BH)

— Quantum Monte Carlo — Stochastic Series Expansion
— Series Expansion

see, e.g., Oitmaa, Hamer, Zheng:
Series Expansion Methods for Strongly Interacting Lattice Models
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Heisenberg model

120 (N T

100 1’ < ~\KCUF3 |
.

-

H=J) S.S.

mn i i+1

Energy (meV)

1D, spin-2 XXZ chain:

L
1 Zz
H=J> | 5 —4+thc.)+ASTS? ||
i=1 Wavevector g g, (27A-1)
Tennant, Perring, Cowley, Nagler PRL 1993
Quantum phases: Excitations: Spinons

easy-plane, critical AFM, gapped

| | >
A=0 A=1 A
free fermions A=w:lsing
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Heisenberg model
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Energy (meV)

1D, spin-2 XXZ chain:

L
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i=1

Wavevector g 4, (27A™1)

Tennant, Perring, Cowley, Nagler PRL 1993

Quantum phases: Excitations: Spinons

easy-plane, criti AFM, gapped
| | >
A=0 A=1 A
free fermions A=w:lsing
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Lattice geometries

Lattice: any quasi-1D system:

Spin 1/2 I,

o0 ® Cu
Ladders Noack, White, Dagotto, ...

Zylinders (2D), e.g. Kagome
Square lattice

White, Chernyshev PRL 2008
Yan, Huse, White Science 2011

Fabian Heidrich-Meisner
LMU Minchen

Frustrated systems
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Part 1:
Exact diagonalization
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Lanczos algorithm

Original Hamiltonian Tridiagonal matrix diagonal
(Oéo Bo O .o o \ / Ce
h11 hi2 ... h1n—1 hnn Bo a1 P 0 T . ) . ) . \
hg’l hz,g e h2,n—1 hg,n . . . . 0 E2 0 ’ ’
. . _ : . B I U1 K K K o
hn11 hn_12 v haapn 1 Ap_ipm SR B B B y ; -
» 3 ? ? Z .. . E - O
fin, 1 fng - fmn fin,n o Ba—2 @a—1 Ba— k™, c(l)l d )
K .o e 00 Baa1 ag ) ‘
dim=2" dim~107.--10°

lw,=terrL) ———»  Krylovbasis|f.,) ——» | Ej|yg)

f. . )=HIf)—«l|f)—BZ |f. )  (random|f,))
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Lanczos algorithm

Convergence This works because
2 —
Hlw )=E_ |v,)
4
A dim-1 A
&Y n=0
-8 E A
n
_)cmax Emax max>+ Z |(’Un>
-10F n7max max max
0 10 20 30 40
A
dim of tri-diag matrix .
( J ) — Method projects out states
24 sites, Sandvik, AIP Conf. Proc. 2011 with small eigenvalues |E |<|E |

Works well for sparse matrices
Problem: orthogonality of states
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Exploiting symmetries

|H,Q|=0
hi1 hi2 hin—1 hnn (@] [0] { J [ 0 J [ 0 }
/ ha 1 ha,2 hon—1 han \ ( [ 0 ] [ Q2 ] 0 0 0 \
2 _> ..- .
hn-11 hn-12 ... Bpn_in-1 Rp-in 0 0 ] 0 [ Qr—1 ] [ 0 ]
\ ot Bas brn-t hnn ) \M %J M 0] [@]/
Block-diagonal matrix:
Diagonalize blocks separately
Typically: State-of-the-art:
- Total S* L~42 sites
- Translational invariance
- Spin-inversion II§Lchte|§E Scréult(e)nlzu‘r‘%, I;I(zgggz)er, SchmalfuR
s.Rev.B7 7445
- SU(2) Laeuchli, unpublished

For applications, see PrelovsSek, Bonca, arXiv:1111.5931, Dagotto RMP 1994
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Complete diagonalization

( hl,l hl,? - » hl,n—l hn,n \
ha 1 ha 2 ha n—1 han
. . . . . — all n {E;, |[4)}
hn—l,l hn—1,2 % hn—l,n—l hn—l,n
h"n,,l hn 2 hn,n—l hn,n )

— Problem is — again —to set-up H in block-diagonal form
lapack does the rest

— Finite temperatures

Fabian Heidrich-Meisner L th MAXIMILIANS-
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Examples: Thermodynamics

XXZ chain at A=0

2 2 —PBE
(H®)—(H) e
C, = ;(H)=) E
Vv 2 n
(kg T) - " Z(B)
03 / A= .
lfl ' 7
sl I U S |
Sl o]
A L infinite
0.1 )X .
F L
001 03 1 15 2
T/J

Hauschild, Bachelor thesis, LMU 2012

Fabian Heidrich-Meisner
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Frustrated FM chain

L<24
3-27 v |-, N=20,0,=0
\ . N =-
. B < N=24,J,=-J,/3
= e N220,J,=-7,3
%{ 15 __1N:16,J2:-J1/3
0 .
0.5
0

0 0.2 04 0.6 0.8
/7

HM, Honecker, Vekua PRB 74, 020403 (2006)
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Magnetic heat transport in ladder systems

CusOg-ladders

N

Culs-chains

VIR
f.T

\
AN

b
\

U
/

T

. -*_* " f— -

=

spin-2. moments on Cu sites

Spin 1/2 It

o0 ® Cu

Fabian Heidrich-Meisner
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@ 5r, Ca, La

K [W/Km]
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140
L CasLascuuon!m\

120 - -, .

L -I 4

100 o .
L [ ] 1

[ ]

80 * K i
C .

60 - -
40 + 4

phonon fit '
20 - E
[ y Kgq .

0 50 100 150 200 250 300

Temperature[K]

Large “magnon”

thermal conductivity
Hess et al. PRB 2001
Theory on ladders: HM et al. PRB 2003;
Zotos PRL 2004; Boulat et al. PRB 2007
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Examples: Transport coefficients

Thermal conductivity Spin conductivity

K(T,w)=Dy (T)d(w)

U(T,w)=DS(T)6(w)+Greg(w)
1 |
A | _
divergent because ] (8%)#0=-D >0 ZResser
+« 0.5 : 5
= non-decaying Z\ _
[H,JE]=0 g current (8%)=0
> Drude weight
Zotos, Naef, Preloviek | non-zero for |A|<1
PRE 1997 0 fime t A=1 still controversial
— Ballistic transport at finite T — Prosen's talk!
PRL 2011

o0

B
o(w)~ [ dte™“* [ dr(JI(t+iT))

Fabian Heidrich-Meisner - th
LMU Miinchen Ljubljana — June 4", 2012
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Examples: Transport coefficients

Thermal conductivity

K(T,w)=Dy (T)d(w)
1.5 ———F g T T
ITREE (@) A=
NN
O N
1_ -
5
.
0.5} i
Tt
/ / BA, Kl_ﬁl;;;er etal.
7
% 0.25 05 0.75 1

T[J]

HM, Honecker, Cabra, Brenig PRB 2002
Klimper, Sakai J Phys. A 2002

Fabian Heidrich-Meisner
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Spin conductivity

o(T,w)=D (T)6(w)+(7reg(w)

S

@A=05 =

(O BA: D (T=0) =
% ED:D (T=0) (Fit) |

N=0.13.17

L N=8,10,14,18
0 'l I [l I 'l I 1 I 1
0 0.2 04 0.6 0.8 1

T [J]

HM, Honecker, Cabra, Brenig PRB 2003
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Examples: Spin Drude weight

Z

E.=E

Z > e "rinjgjm)P

© A0 Finite-size scaling at infinite T for |A|<1:
04]....0.... e o A=0.5|-
- C_=lim[TD_(T)|>0
: . T
* A=15
0.3 B HM, Honecker, Cabra, Brenig PRB 2003
& G HM, Honecker, Brenig EPJST 2007
= _‘_(,,_ﬁ!g’
< FVCe
Um 02 /"’”’/ A N u = = Z
A At A=1, using canonical ensemble in S*="%:
,,/"5'“‘ =
T i
0.1 %p.;‘@‘g . C Lo 0
,/::// L=8.9,...19.20 Herbrych, Prelovsek, Zotos PRB 2011
oL i I I Agrees with Zotos PRL 1999
0 0.05 0.1 0.15
1/L
See also Zotos, Prelovsek PRB 1996, Narozhny et al PRB 1998
Fabian Heidrich-Meisner o
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Examples: Spin Drude weight

_ ™p _BEn 2
D= 2L % > o Srinlyim)

sZ n,m
En=Em
0.5 ' |
- A=1, p=2/J, L=9....,19 C.) .
04 =
03L grand-canonical _
=
QCD
0.2 i
0. B
canonical |~ a/L+b/L’+c
L | L |
% 0.05 0.1
1/L
We need a theory for D =D (L)!
... S0 the Drude weight story continues ...
rabian Heidrich-Melsner Ljubljana — June 4", 2012
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Examples: Transverse current-autocorrelations

J.=iz‘4r ersr+1

Usually:
Z —/ Z Z\ X — /X =X
Co(t)=(j"(t)j°)=C7(t)=(j"(1)]")
B0 i .
Co(t)=C™(t)
0.02 —— —— ()2
= ; J=0 . - b) pI=0 =
(C)J M_, I (d)l?' N 18 ‘1{ ]B ___ E:ig' N_:
B N A WACATAVAVATS I
ﬁxa) v | D Py | ©
N : 02
001 (L) B.I:z f {d] B.|=2 =02
- e =
3 ‘.:l‘.frlh‘ Vs 2
: _L’.-*‘ - xu
lI{J 2602
— Non-trivial oscillation at frequency o
different from Larmor frequency

Steinigeweg, Langer, HM, McCulloch, Brenig PRL 2011
Fabian Heidrich-Meisner - th
LMU Miinchen Ljubljana — June 4", 2012

LUDWIG-
MAXIMILIANS-
UNIVERSITAT
MUNCHEN




>

Transport in field-induced gapless phases

A spin ladder material with JIeg < Jmng: (Hpip),CuBr,

0 0.5 1 1.5 2 2.5 5
| Cm/T [MJ/gK“]

LL

o
o

w
T

field

Temperature [K]
—_ N
- o N O

ot
(&)

O

0 2 4 6 8 10 12 14
Magnetic Field [T]

Ruegg et al. PRL 2008; Klanjsek et al. PRL 2008

Fabian Heidrich-Meisner

LMU Miinchen

Ljubljana — June 4™, 2012

J ~13K

rung

“small”

- compared to
telephone-#
compounds
J~1000K

— no field-dependence
of Kk in the latter
Hess et al. PRB 2001
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Example: Dimerized spin-'2 chain

— a o o o Zz
H=JD (S8, 4+285 184, ,)—hS{,
J AJ
2 ' | ' | ' | ' | %’/Q
|2 gll\)/lRG Ferromagnet /4/,9/ | With A=0.5:
1L n, /4,/9’ i Spin gap 0.66J
— b, A h =1.48J
i *,/9 ] sat
= et Luttinger liquid |
=
o ~const - “(w)=Ds5(w)+‘7reg<‘“)
05| UNe—Gap/T 1
Dimerized phase We'll look at:
Heat conductivity k(w)
Phonons not included here

l | | | j | | l
00 0.2 04 0.6 0.8 1 Rozhkov, Chernyshev, PRL 2005

;\’ Boulat et al. PRB 2007

T=0 phase diagram:
Cabra & Grynberg PRB 1999, Honecker PRB 1999

LUDWIG-
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Heat conductivity: Spectrum

B _ i 2
(C) T=J/4 (d) T=]J —~ h=0 i (b) 2=0.5 - T=0.25])
h= i [ | —— T=0.25] NQ 150 — L=14
i -—=T=05) | & | -- L=16
15 T= Zg
N’: i T=2J \|-8|/
| S 1f
Il
3
i | ‘-"=
1 -
w/J o5k
0 0

2
h/J

1
w/J

— Spectral weight increases at low-frequencies w<gap=0.66)
upon entering into LL phase

So far, nothing seen in experiments
Sologubenko et al. PRB 2009

Langer, Darradi, HM, Brenig PRB 2010

Fabian Heidrich-Meisner e H AN
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Integrated spectral weight

I(0=0.5])/J

— Increase above field-induced phase even at elevated T

|s<w)=_f dw'R[o(w")]

Langer, Darradi, HM, Brenig PRB 2010
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Part 2:
Density matrix renormalization group
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Fundamental problem

Length L —

O 0000000000 O0

A

Local Hilbert space: Dim =d

Hilbert space grows exponentially fast:

dim=d"

Typical Hamiltonian: spin-'2 (d=2); Fermi-Hubbard (d=4); ...

H=J2,8;$;,,

LUDWIG-
. . th MAXIMILIANS-
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Basics of DMRG

Length L —
f T >
Block A Local Hilbert space: Block B
Dim =d
H0|LIJ>O=E0|(IJ>0 \’I
| atrix-Product-State
e Phys Rov Lot 1992 _ dimensionm
1997
Reduced density matrix Entanglement
ppa=trglwy)(w, S N=—trloaIn(p,))

LUDWIG-

Fabian Heidrich-Meisner
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Basics of DMRG

00000000000

dim(A)*dim(B) coefficients

v

W)= ¢la8li g

[ip)

g/

Singular value decomposition:

C=U-S-V'

In these new basis sets:
S
|qjo>=a§ Aa|o<>A®|o<>B 2\1>2\2>--->2\s>0

Fabian Heidrich-Meisner
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Basics of DMRG

0,00 000

OCOO0000

& p)

g

Approximation: discard states with smallest )\u

|WO>N|wm>=; ?\a|(XA>®|(XB>

Error ~ discarded weight

(plw =11 > a2

Fabian Heidrich-Meisner
LMU Minchen

Ljubljana — June 4", 2012

m~10°<min|dim(A),dim(B)]

ax=m+1




Where is the density matrix?

00000000000

|O(A> |O(B>

Reduced density matrix of block A:
2
p=lw )y _|=pa=trg(p)=2, A%la,) (a,]

— DMRG truncates in the eigenbasis of reduced DM!

(0)=trp[pp0p1= 2 AL |0, |y )

White PRL 1992, PRB 1993
Schollwock Rev. Mod. Phys. 2005

Fabian Heidrich-Meisner
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Basics of DMRG

00000000000

|O(A> |O(B>

|w0>~|wm>=; Aoy )®log)

1) Mathematically: This is the best possible approximation
(under the condition of keeping m states)

2) When is this a good — useful — approximation?

3) Can an efficient algorithm be designed? Yes, CPU~m’

Schollwock Rev. Mod. Phys. 2005

LUDWIG-
. . th MAXIMILIANS-
LMU Miinchen LJUbljana —-June 4 y 2012 ;?JR/ESZLTAT

Fabian Heidrich-Meisner




When does it work, and when not?

|w0>N|wm>=Z1Aalo<A>®lo<B>

1
[

Spin-1/2 chain, L=64

Singular values A_have
to decay sufficiently fast!

Example: ground state of

E
102F | o Gapped (A=3) =

H=JY,|(S] S, +h.c.)/2+AS]S?

reduced density matrix eigenvalues w.

i+1 +— Critical (A=1)
"small" entanglement, area laws
! P A N T T S R T T N NN TR S S R N R S
10 20 30
index

Kaulke, Peschel EPJB 1998,
Peschel, Kaulke, Legeza Ann. Phys. 1999

LUDWIG-
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When does it work, and when not?

O 0000000000 O0

Von-Neumann entropy:

2 2
S, Ny="trloaIn(p,)]=— LALIn(A?)
S (L
Flat distribution: A2~ 1 —imoce w!b
X m
Ground states in 1D - More general: Area law
mildly entangled wave functions: D1
S, ~const. (L >%) S,y~L
S, ~logL, (critical systems) S\ ~L (2D)

Review: Eisert, Cramer, Plenio RMP 2010
Fabian Heidrich-Meisner L th MAXIMILIANS-
LMU Miinchen Ljubljana — June 4%, 2012 LIVIU Jiersrsr




DMRG operates on Matrix Product States

OO0O0O0O0O00000000O0

_ZZ ZZA A2 'AUL—1 AUL

X 2% 1 X _4
L1L1

o, O O, 4 O
W)= > ATAZ.ANTA L|O'1O'2°"O'L_1O'L>

0402010,

— Matrix Product States

DMRG approximation:
Work with matrices with a maximum dimension m

Rommer, Ostlund PRL 1995, PRB 1997
Schollwéck Ann. Phys. 2011

. .y . LUDWIG-
- . . th MAXIMILIANS-
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Matrix Product States: Graphical representation

o, O O, 4 O
)= > ATAZ.ANA L|O'1O'2"'O'L_1O'L>

04020 _10L

— Matrix Product States

0, O, Oy

(7] Oy
MPS ‘ ‘ ‘ ‘ ‘ | ‘ ‘

Figures from Schollwéck Ann. Phys. 2011

LUDWIG-
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DMRG Algorithm

EEN A

OO0 00000000

Initial guess:
1)
2)
3)
4)

o)
6)

Fabian Heidrich-Meisner
LMU Minchen

A — A B'—B
From small systems!

Get ground-state of super-block from Lanczos
Form reduced DM p, from I >

Diagonalize p,
Rotate all operators into eigen-basis of P,

Truncate in that basis
Rotate [y > into basis of next bipartition

White PRL 1992, PRB 1993
In MPS language: McCulloch J. Stat. Mech. 2007

Ljubljana — June 4", 2012
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DMRG at work: Ground-state energy

H=J

Convergence with #states m

L

1
i

[~(S;"S; ,+h.c.)

Z ez
+ASS 4

]_hzisiz

Ground-state energy infinite system

o E T T T % -0.44 T T T
< 1e-06 - A=1, L=256 A=1,1.=64,128,256,512 /,JZ'
9 F 0441 A s
= le-09[ =8 OBC I
< oo PBC 7
; E g ,d.\ //Iz
2 1e-12F E = 04421 P il
= , | , | = -
0 200 400 600 800 Z/
1 m -0.443 ;/ * EO/L from Bethe ansatz |-
' R o DMRG, OBC
—- A+B/L
|
~Dadd, 0.01 0.02
1/L
1 06E ' ' L —Eo——l (2)+1 ~—0.4431(4)
e 200 400 600 800 LJ =—In Z ~ .
m

LUDWIG-
MAXIMILIANS-
UNIVERSITAT
MUNCHEN

Fabian Heidrich-Meisner

- "
LMU Miinchen Ljubljana — June 4", 2012

LMU




DMRG at work: Entanglement entropy

O 0000000000 O0

L L

A B

2.5 . T ' T

Scaling of von-Neumann entropy

C T .
| SvN<LA)_EI" Esm(nLA/L) +9
W ,,,,,,,,,, WW _ — central charge: c=1
051 0 DMRG, PBC - Calabrese, Cardy, J. Stat. Mech. (2004) P06002
— Fit: c=1 Vidal, Latorre, Rico, Kitaev, PRL 2003
— DMRG, OBC -
| ! I L | ! | ! |
0 50 100 150 200 250
block length L.
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DMRG at work: Correlation functions

L
1 Z oz z
H= J; 5 (8 S; 4 +h.c.)+ASTS] |-h) ;S;
1
N 0.001f
5 B
% oml E
- °'°1§ w)_1e-06|
AS +Z/3
NCQ_ B —_ :
Ny 0.001 E 1(—3-09 N
’ S R ]
0.0001 . 1e-120 1I0 50
li-L/2 li-L/2l
— Power-law decay, for A<1, — Exponential decay of
longitudinal correlations transverse correlations

decay faster

Fabian Heidrich-Meisner e H AN
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DMRG for two-dimensional systems
H=J) S.-S. 2D square lattice: Néel state

N-leg ladders DMRG on cylinders

T T T T I QOO
W 0] L B e |
06/ oot te ' Pt dtititititity
Z I
& | L S o o |
5o I*T¢?¢T¢T¢T¢T¢I*
v | 4ttt
! sy L e O B S A S
@ 04 | Stoudenmire, White
| 1 Ann. Rev. Cond. Matt. Phys 2012
L | Magnetic moment:
M0=0.3067(DMRG)
— Area law L d-1
seems valid vN,L M,=0.3070(3)(SSE)

Kallin, Gonzalez, Hastings, Melko PRL 2009 White, Chernyshev PRL 2007
SSE: Sandvik PRB 1997

Fabian Heidrich-Meisner L th MAXIMILIANS-
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Kagome lattice

Frustrated lattice — sign problem, QMC not applicable

® Series (HVBC)
043 - B MERA | O DMRG,Cyl,0dd
{> DMRG,Cyl, Even
i \[ (| B DMRG, Torus [12] |7
%  Lanczos, Torus [17]] |

El/site
==7
Y
-
P!
I
|
—lo—L
7
I
-
P!
s |
L |
P!
I
-
|
L

—7
Cylinder
-0435 — DMRG i S
| Upper Bound m |
e < Torus
m & g
Ee 2R
- 2D (est.) ﬂ +
044 | I I I | | 1
0 0.05 0.1 0.15 0.2

1/c

— Interpretation: gapped topological spin liquid

Yan, Huse, White Science 2011
Depenbrock, McCulloch, Schollwock arxiv:1205.4858
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Part 3:
Time-dependent DMRG
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Time evolution via Trotter-Suzuki

0)Jexp(-iHt)y(t=0);

H= 22 h||+1 25 h||-+1+ 25 h||-+1

bonds even

bonds bonds
1) M time slices (exact) 2) Trotter-Suzuki approximation

] —iHst —iH 440t —iH_ ot
i —iH&t ~ .
3) Factorize exponentials (exact)
t=Mx6t
—iH_ o't —ih, . ot
€ =I1 ouq © =11U; i1 4
bonds

Fabian Heidrich-Meisner
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Time-dependent DMRG

OO0 6 O0000O0

t \

o) loyq) Local Hilbert space:
Dim =d
e_ihi,i+1 6t=U o (didi+1)*(didi+1)
CPTPUCATPY matrix

— tDMRG amounts to applying a set of unitaries
(two-site gates) to a MPS + truncation
(dim(MPS) grows by applying U)

U can be cast into the form of an Matrix-Product-Operator

LUDWIG-
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Time-dependent DMRG: Graphical representation

1) All U
odd

app"ed Figure from

to MPS i * f i f i f f AnSrf .hlg#;\/l\ls?%n

2) Regain
MPS form:
R o i i S

3) Truncate back to max. dimension m using SVDs

4) Apply allU_

TEBD: Vidal PRL 91, 147902 (2003); PRL 93, 040502 (2004)

tDMRG: Daley, Kollath, Schollwock, Vidal J. Stat. Mech (2004) P04005
White, Feiguin Phys. Rev. Lett. 93, 076401 (2004)

tMPS: Verstraete, Garcia-Ripoll, Cirac PRL 93, 207204 (2004)
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Time-dependent DMRG: Simulability, errors

Initial state:
Holw )o=Eqlw)g
Time t=0": H —H
lw(t))=exp(—iHt/7)|y),

— Explores Hilbert space

moece "N

Time evolution

. ~ Stricter criteria using Renyi entropies:
(WOI'St Case). SvN,x(t) t Schuch, Wolf, Verstraete, Cirac, PRL 100, 030504 (2008)
Calabrese Cardy JstatM P04010 (2006)

Osborne PRL 97, 157202 (2006)
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Example: Fermi-Hubbard model

i+1,0 ,T 0,

L1
H=-J > (cf ci,0+h.c.)+ZiUi(t)n n
i=1

12
| —— quench

10 —— Linear ramp ——
1) Global quench: U— U’ - — - (l-exp(-£0))+U, g //

8| .

= ] &

2) Linear ramp U(t)=at+b < 6 h

al- 4
3) Local quench: U_ —U’ -

2

0 I | ! |

5 0 5

time t[1/]J]

Fabian Heidrich-Meisner . ] "
LMU Miinchen Ljubljana — June 4", 2012
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Constant m vs constant discarded weight

L1
H=-J > (c! ci,a+h.c.)+ZiUi(t)n
i=1

it1,0 i, 1ML
Global quench: U _=2J,U_ =10J —= SNt
init final
5 T | T | T | T | T 4000 | T | T | T | T | T
| L=20, Uinjt=2]" Uﬁnﬂ]=10] (8t=0.1/1) _ | L=20, Uim-t=2L Uﬁm]=101
4r 3000 [
e 3 - - 8p=1046=c0nst
3 | F 2000
7
v 2 — 8p=10"=const i
= ct+50 .
1000 |-
1 — m=100=const | 4
— m=200 g
-— m=400 i
g 0y . I : :
% 1 2 3 4 5 %0 1 2 3 4 3
time 1/ time 1/]
m=const: Run-away error dp=const: m grows
Fabian Heidrich-Meisner N MAXIMILIANS-
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Entanglement growth: Global vs local quenches

L1
H=—J Z‘; (ciT,U ci+1,a+h.c.)+zi U(t)n; .n, |
i=

Global quench: U— U’ vs local quench: U_ —U’_

= * | — — global quench, U=2]J -> 10] J “hard”
w35 — local quench, U=2J, U._,=10J -> 2} L problem
= -~
o 3 S
= : -
: / . . 3
D25 _- =~ simulation at fixed :
g I . discarded weight 6p=10 !
g 2 i il il 13 7
= | e easy
I P problem
= -~ P i
R T T H T R S S S

0 05 1 15 2 25 3 35 4 45 5
time t[1/]]

De Chiara et al. JstatM 2006, Calabrese, Cardy JStatM 2005, JStatM 2007, Cazalilla PRL 2006;
Eisler, Peschel JStat M 2007; Gobert, Kollath, Schollwock, Schiitz PRE 2005 ...
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Time-resolved experiments on heat transport

* Real-time spin dynamics in

c-axis: pure spin systems:
ladders! chains & ladders @ T=0
Langer, HM, Gemmer, McCulloch, Schollwock
T PRB 2009
80
C

60
40

20

» d

DD 20 40 60 80 100 120 140 1'6

b . g _
top view: A 14 -
120 Iadder \=/ 12 i 1
100 plane "a i |

= "
80 = 1 variance

QE) _ h o 2(t) _
" b 8 0-8 __ n —_
40

0.6 ~

20 | |

0
0 20 40 60 80 100 120 140

» d

Otter et al. JMMM 2009

* Real-time energy dynamics
Langer, Heyl, McCulloch, HM 2011

site i

LUDWIG-
MAXIMILIANS-

Fabian Heidrich-Meisner

LMU Miinchen Ljubljana — June 4™, 2012

UNIVERSITAT
MUNCHEN




Example: Dynamics of density or
spin density excitations

Spin and energy dynamics:

— —_ T Q— ZgoZ
H=) h=> J[(SS. ,+h.c.)/2+AS7S? ]

0.8 r : T .
Initial state: | | | A=1 FM domain —
external magnetic field |~ A=0.5 |7 02k iy b
Q 0.7}of Gaussian shape — - averaged| | - :: ! - b=
— oy p |
+ | N Z ~ or 1]
A Hpo= L B, S, 2 Hik
T %6r i 2 02 BT
=2 = | AFM nf fi; AFM
N \ : !
V 05
| IFriedel oslcillations | | | | | | | o |
04, ; 50 00 130 200 0 20 40 60 80 100

site i bond i

Langer, HM, Gemmer, McCulloch, Schollwock, PRB 2009; Langer, Heyl, McCulloch, HM PRB 2012
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Example: Dynamics of density or
spin density excitations

Spin and energy dynamics:

— < - 2
B.=B,exp(—(i—iy)"/og)
0.8 ' T ‘ T ' | ;
Initial state: 6 —
external magnetic field |—— A=0.5 || I A=0
o 0.71of Gaussian shape =~ averaged|. - — A=0.5
¥ [ H_ =ZIBS" > 4T a=l
A e B B.=J = el 1 )
T 0 i 2 e
N\-',H E 21 7
% -
v _ oo
. AL 0 == 1 . 1
| I B riede’nsgillafons O 05 1 15 2 25
“o 50 100 150 200 B./J
site i 0

Langer, HM, Gemmer, McCulloch, Schollwock, PRB 2009; Langer, Heyl, McCulloch, HM PRB 2012
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Example: Dynamics of density or
spin density excitations

Only energy dynamics:

(S7(t))=const

L A=1 FM domain — i A=I1 l
i ey — b=1 ) —A=0.5
0.2 i ﬁ, ; b=3 200 4 L |—A=1
I 1! -— b=5 1 = |—eA=1.5
Hik i %)
= o | = &
. Hl = | »
& o2l 1 :: LT'L 2 T
= | AFM Hik AFM 10 widthb
\"% -l ﬁ . | I 1 I ~ L
06ff B -
! | ! | ! | ! | ! G ! | ! | 1 | ! | !
0 20 40 60 80 100 0 1 2 3 4 5
bond i width b of FM region

Langer, HM, Gemmer, McCulloch, Schollwock, PRB 2009; Langer, Heyl, McCulloch, HM PRB 2012
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Example: Dynamics of density or
spin density excitations

Real-time dynamics of bond-energies and energy current:

- (a) b=1, L=100

0 21 |

-0.5

-0.6
20 40 60 80 <hi(t)>/J time tJ

Langer, Heyl, McCulloch, HM PRB 2012
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Example: Dynamics of density or
spin density excitations

Spin and energy dynamics in the massive phase A>1:

o2 (t)~ 2 (SE(t)(i~ig)? o2()~ > (h(t))(i-iy)?

7, | — 40
| A=1.5,L=200B=151 —G7erca3] . - () Se—
15F . 30} _
= o-~t - 20 -
“o = o
5 100 i
etk 5 0 20 30 40
time tJ time tJ
Spin: not ballistic — diffusive!? Energy: ballistic

Langer, HM, Gemmer, McCulloch, Schollwock, PRB 2009; Langer, Heyl, McCulloch, HM PRB 2012
Jesenko, Znidaric PRB 2012
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Example: Dynamics of density or
spin density excitations

Spin and energy dynamics:

H=2 h=J28;§,,,

200

_ - = L=100, U(1), m=900 | i
If possible: Exploiting SU(2) | | & L=200, SU(2), m=400 P
symmetry allows one to go = - ot A
to at least twice as long g A=1,b=1,S, =2 2
time-scales! oy LU /,‘
tJ~60 [ '.'
L
ll'.'l'
McCulloch, Gulasci EPL 2002 R*..‘* i b |
crutoe wasel li_ Lk 20 30 4 50 {J-:H
time tJ
Langer, Heyl, McCulloch, HM PRB 2012
Fabian Heidrich-Meisner Ljubljana — June 4™, 2012 ET‘:'.):"?EZLL%S
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Example: Dynamics of density or
spin density excitations

Spin and energy dynamics:

H=2 h=J28;§,,,

If possible: Exploiting SU(2)
symmetry allows one to go
to at least twice as long
time-scales!

tJ~60

McCulloch, Gulasci EPL 2002

Langer, Heyl, McCulloch, HM PRB 2012
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Finite-temperature methods: Purification

imaginary time evolution

maximal |}-’ entangled state

physical P

auxiliary Q

[
'S

6 8 10
Schollwock Ann. Phys. 2011

=2 Solap) (apl=|w)=2" s, log)|ag) = pp=trglw)(w]

—BH/2; —BH/2
Te B B

=Z(B) 1e

— We only need purification of infinite-T DM: ‘i=Z(0)ﬁ0

Verstraete, Garcia-Ripoll, Cirac PRL 2005, Feiguin, White PRB 2005

Fabian Heidrich-Meisner
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Finite-temperature methods: Purification

Imaginary time evolution

mamnmlly entangled state

physical P
auxiliary Q
2 4 6 8 10
Choose an initial state at f=0: At desired B, evolve in real time:

Maximally entangled

—|Ht
w(p=0))=]1; 2. Is;$;) w(t),=e " w(B))

Evolve in imaginary time: Unitary trafo on ancillas: disentangler!
_ —BH/2 _ _ +iHt
lw(B))=e lw(8=0)) U_,.=e
Verstraete, Garcia-Ripoll, Cirac PRL 2005, Karrasch, Bardarson, Moore PRL 2012
Feiguin, White PRB 2005 Barthel, Schollwock, White PRB 2009
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Current-current correlation functions

L
1 z
H=J — 4th.c.)+AS;
Z 2 ) |+ 1 ]
i=1
— T — T —— L ' T
{a) A=0.6 T=0 Bethe ansatz Drude weight {b) T/J=0.5 Drude g 1 s
100 1 e ettty e e et i 0.12? weight =

N . g F T E T T 5 ﬁ;\ 0.05 "8y

3 .’ \___ 3 e By

= "‘-s’é;‘m 008 " r1i=0.5 4 Py ety e ok — :
i sy "Cn-c_.\.“ T:'J 05 bosonlzalmn 1 A x ﬁ‘»;; it 0 A 1
= 0620 a0 40 = ) mw,,mrwm,xm

A %‘Fv = BliSianas LTSS

0N - A" =
Drude weight N i A=0.8
D =lim Re <j(t)j>/2TLJ I e T oss =0
Tﬂx | J I I A=1.4 “w%m A=1.0
0 ] . e : — : e e L T;’MW‘{W P P I T )
0 5 “j 13 g % 5 10 15 20
t tJ

If Drude D_weight finite, then: Finite-T tDMRG:
N D (T>0)>0for|A|<1
C(t)=(j(t)j)—D, s(T>0)>0for|4|

Karrasch, Bardarson, Moore PRL 2012

(exceeds Sirker, Pereira, Affleck PRL 2009 by a factor of 2)
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Spin Drude weight: Comparison with ED

L
1 Z oz
H= J; 5 (8 S +h.c.)+ASTSE |
0.4 —a ED: L=9,...,19
' Lower bound
Prosen PRL 2011
03} tDMRG,
& e Karrasch et al. PRL 2012
:C/)
L 021
0.1
L Infinite temperature =0
J 1 . | . | . J )
00 0.2 04 0.6 08 1 -

A

ED: extrapolated in 1/L, L odd only, “grand-canonical”
— Fairly good agreement at commensurate A

Fabian Heidrich-Meisner L th MAXIMILIANS-
LMU Miinchen LJUbljana —June 4 y 2012 z?_)l:l/gsz:\lTAT



Spin Drude weight: Comparison with ED

L
H=d| % -~ +h.c.)+AS?S?

|+1]
i=1

I ' I '
=u =1, ED, L<=19
oo (=2, ED,L<=19
LA B=2, tDMRG

<+ D (A=1)>1

! | ! | ! | ! | !
0 0.2 0.4 0.6 08 1
A

— Yet the extrapolation function needs justification

— Discrepancy with extrapolation of canonical data remains
Herbrych et al. PRB 2011

— Error bars for the tDMRG?
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Outlook: Beating the entanglement growth
& Finite temperature

1) Transverse-folding method
Banuls, Hastings, Verstraete, Cirac Phys. Rev. Lett. 2009

2) TD-DMRG in the Heisenberg picture

Hartmann, Prior, Clark, Plenio Phys. Rev. Lett. 2009
Znidaric, Prosen J. Stat, Mech 2009

3) Finite-temperatures: need mixed states instead of pure states !

Using purification Feiguin, White Phys. Rev. B 2005

Zwolak, Vidal Phys. Rev. Lett. 2004
Verstraete, Garcia-Ripoll, Cirac Phys. Rev. Lett. 2004
Karrasch, Bardarson, Moore PRL 2012

Using transfer-matrix RG: sirker, Kliimper Phys. Rev. B 2005

Minimally entangled states — Metts: white Phys. Rev. Lett. 2009
Stoudemire, White New. J. Phys. 2010

Simulating master equations:

Kantian, Dalmonte, Diehl. Hofstetter, Zoller, Daley Phys. Rev. Lett. 2009
Znidaric, Prosen J. Stat, Mech 2009; Hartmann, Prior, Clark, Plenio Phys. Rev. Lett. 2009
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Summary

T v v (@) a1

» Exact diagonalization

= = ED, N=8,...,18
« = .« ED:N=7,..,17
BA, Kliimper et al.

- DMRG

!
0.75 1

0.5
Tl

* Time-dependent DMRG

» Selected applications:

current-current correlations f o
Drude weight os| ;Egzzlzl;cc
thermodynamics v e

real-time dynamics

25 JR=J|_

20

Reviews: Sandvik AIP Conf. Proc 2011,
Schollwock Rev. Mod. Phys. 2005 & Ann. Phys. 2011

15

time

10

5 0.5
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