Field Theory Approach to the Dynamics of
Gapped Quantum Spin Chains

F.H.L. Essler
Oxford University

EPS RC Engineering and Physical Sciences

Research Council

LOTHERM, June 2012



Outline

1. Why low-D Quantum Spin Systems are interesting.

2. Some Gapped Quantum Spin Chains and their Quantum
Field Theory Limits.

3. Integrable QFTs.
4. T=0 Dynamical Response Functions in integrable QFTs.
5. T>O Dynamical Response Functions in integrable QFTs.

6. Nonequilibrium Dynamics.



Outline

1. Why low-D Quantum Spin Systems are interesting.

2. Some Gapped Quantum Spin Chains and their Quantum
Field Theory Limits.

3. Integrable QFTs.
4. T=0 Dynamical Response Functions in integrable QFTs.
5. T>O Dynamical Response Functions in integrable QFTs.

6. Nonequilibrium Dynamics.



Why (Low-D) Quantum Spin Systems are interesting:

Quantum Spin Systems are inherently strong coupling problems:

correlated
electron —

models strong interaction limit

Quantum Spin
Models




Why (Low-D) Quantum Spin Systems are interesting:

Quantum Spin Systems are inherently strong coupling problems:

correlated .
Quantum Spin
electron >
. N Models
models strong interaction limit
——tz cl Gk.q. T e At?
e h_ -
(4.k),o > #'s U Zk%sj S
.77

Iy Z N4 | lar‘ge U/t

J



Why (Low-D) Quantum Spin Systems are interesting:

Quantum Spin Systems are inherently strong coupling problems:

correlated Quantum Spin
electron -

. L Models
models strong interaction limit

strong interactions are interesting as they are
expected to lead to new collective behaviour



D=3

Dimensionality

"Conventional Behaviour”: Spontaneous Symmetry

Breaking of spin rotational symmetry at low T;
Physics of Long-Range Order (spinwaves)

Spinwaves determine physics over large range of T
and E (even far above Ty)

Basic physics is well understood.

Look at Frustrated Systems to
avoid simple SSB scenario; but
physics usually well described
classically.

—>




D=2

(layered
materials)

Dimensionality

Quantum Fluctuations are stronger: SSB only at
T=0 (Mermin-Wagner).

Frustrated systems may realize new quantum
states of matter: Quantum Spin Liquids

very interesting, but difficult fo address

>
theoretically by analytic or numeric means.



Dimensionality

D=1 Quantum Fluctuations are very strong: SSB not
even at T=0 (Mermin-Wagner).
(chain
materials)

Exotic Quantum Spin Liquid States are abundant
in D=1.

- Special techniques (integrability, bosonization, DMRG, e
maremerednere) AllOW IR depth analysis.

- High-resolution experiments on dynamical properties for
many materials.
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Paradigm 1: spin-1/2 Heisenberg Chain

- Gapless spin liquid (ground state disordered for all T>0)  Huithen ‘38

- Excitations: fractionalized spin-1/2 objects “spinons” Fraddeevatakhtajan ‘84

- T=0: quantum critical system (power-law decays of correlations)

Luther&Peschel ‘75
- low energy properties: Luttinger Liquid L
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- Gapless spin liquid (ground state disordered for all T>0)  Hulthen 38

- Excitations: fractionalized spin-1/2 objects “spinons” Fraddeevatakhtajan ‘84

- T=0: quantum critical system (power-law decays of correlations)

Luther&Peschel ‘75
- low energy properties: Luttinger Liquid L

Extremely interesting! Remains object of much recent
work (e.g. threshold singularities).

Glazman, Imambekoy,
Pustilnik, Khodas,...
Affleck, Pereira, White,
Sirker...

Zvonareyv, Cheianoy,
Giamarchi

‘06 -11



A different talk !



Gapped Quantum Spin Chains & Ladders

A. Integer Spin Heisenberg Chains (S=1,2,3,...)

J

H=J) SiSh,  +SYySh,  +5.S:,,, SI=5(S+1).

CsNiClz, NDMAP, YBaNiOs...

B. 2-Leqg Heisenberg Spin-1/2 Ladders

CuNi’rra’re, (C5H12N)2CUBI”4, CGCU203, LC14SI”10CUZ4O41,
DIMPY ..

Haldane ‘83, Affleck ‘90

Kenzelmann et. al. ‘01
Zaliznyak et. al. ‘01
Zheludev et. al. ‘04

Xu et. al. ‘07
I S=1/2
- @--""--@----- L 2
N
- @ - Q- - L 2

Dagotto et. al. ‘92, Shelton et. al. ‘96,
Schmidt&Uhrig ‘05 ...

Notbohm et. al. ‘07; Ruegg et. al. '08,
Lake et. al. ‘10, Thielemann et. al. ‘09
Bouillot et. al. ‘11, Tennant et. al. ‘12,
Schmidiger et. al. ‘12 ...



C. Field-Induced Gap spin-1/2 chain materials

Dender et al ‘97, Asano et al ‘00, ‘02,
Feyerherm et al ‘00, Kohgi et al ‘01,
Zvyagin et al ‘04, ‘05...

H=> JS; Sjs1—HS; —h(-1)57 .
J

Oshikawa&Affleck ‘97 ‘02
Essler&Tsvelik ‘97, Essler ‘99, ...
CuBenzoate, CDC, Cu-Pyrimidine, YbsAss3,...

D. Transverse F|e|d SP'n"l/Z Chain Nagler et al ‘82; Kenzelmann et al ‘02;

Oosawa et al '06

‘H = E J[Sf5f+1 + ‘ST]!!S;!-I-I - 55;5';4_1] — HS;F Dmitriev, Krivnov&Ovchinnikov ‘02
F Caux, Essler&Loew ‘03
Coldea et al (unpublished)

Cs2CoCl4 ) CsCoBrs ) CsCoCl3 ) TICoCls, ..



E. Ji-J2 Model ak.a. 2-leg zigzag ladder

Haldane ‘82, White&Affleck ‘96,
Eqgert ‘96, Nersesyan et al ‘98, ..
H=17] Zsj S+ Jo Zsj ‘Sjye. | T2>0.2411T150 Sk sreesyan erd
J J

SrCuQ., LiCuVOy, (ferromagnetic Jy),...

. . T . Uhrig&Schulz ‘96, Essler, Tsvelik&Delfino ‘96
F‘ D'merlzed Spln 1/2 Cha'” Knetter&Uhrig ‘00, Orignac ‘04, ...
H=J) [1—(—1)"6]Sn - Sns1 I
CUG€O3

: : : Cold t al '10
G. Transverse Field Ising Chain veeaere
Pfeuty ‘70, Wu et al ‘76, Vaidya&Tracy 78
Cardy&Mussardo ‘90, Yurov&Zamolodchikov ‘91

H=—J) S7ST , +hS;
J

CoNb,0¢



Field Theory Limit of Quantum Spin chains

Spin-S Heisenberg model with S»>1. Haldane ‘83,
Affleck ‘89
staggered component:  M2i+1/2 = (S2i41 = 52:)/25
smooth component: Mit1/2 = (S2i41+52:)/2.
L MM ~ 1, n-M=0.

n-n=1+—— 5
S S

Constraint:

Naive Continuum Limit: Mait1/2 n®(z), Myi )2 — aoM*(z),

) 6 1 .
H = h /d:v [g (1\"’I+ 1 6:,;11)2—1——(83;11)2 , 0=21S, 9g=2/S, v=JSae.

2, A g




Commutators: [M®(z), Mb(y)] = ie®*® M°(z) 6(z —y) ,

[M“(z),n’(y)] = ie®™ n°(z) 6(z —y) ,

[n (2),n(y)] = gzie™ M<(z) d(z — y) ~ 0.

solved by M%(z) = — n(z) x

. ., _
0(3) nonlinear ,_ ©. dun-9n  Constraint: n-n=l U= 0%
sigma model 29 g=2/S



When does this QFT describe the lattice model ?

- large distances, late times (for dynamics)

- low energies: w<J l

- gap much less than cutoff = A< J '



C. Field-Induced Gap spin-1/2 chain materials

H=> JS;-Sj1—HS; —h(—1)'S7 .
J

. 9,0 = —9,®
Sine-Gordon model ,o_ _; 5
8= pB(H)

D. Transverse Field Spin-1/2 Chain

H= S I1S78 + 511+ 05;850l - HS | > H = —Z[(0,8)° + (0,:0)?] - u(6) cos(50) l
J

E. J1-J2 Model a.k.a. 2-leg zigzag ladder

11— = [0:9)"+(8.0)"] — () cos (@)

J2>0.2411J:>0
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H=> JS;-Sjs1—HS; —h(—1)'S} .
J
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8= p(H)

‘ R. Gordon

C.N. Sine
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F. Dimerized Spin-1/2 Chain

H=JY [1—(~1)"6]SnSni1 l —>  H=—[(0:9)"+(8.0)"] — u(9) cos (¥/2)

G. Transverse Field Ising Chain

H= =] 3 i +hS; I —  #= [ E [ G0 vo - iavd]
j —00

Majorana (real) fermion

B. 2-Leg Heisenberg Spin-1/2 Ladders

2 dr |iv, - . - : -
—_— H= ; / 2_71' [3 (waa:rzr/)a — waamwa) - ZAa"pad}a

A=Ay =A3 = ——

4 “Ising models”



These relativistic QFTs are integrable (the lattice models are not!)

use integrability to determine
> dynamical
correlation functions




These relativistic QFTs are integrable (the lattice models are not!)

use integrability to determine
> dynamical
correlation functions

Which ones?



Scattering Experiments

Scattering Experiments (neutrons, light, electrons) measure
imaginary parts of retarded 2-point functions of local operators

Inelastic neutron scattering experiments measure

e_H/T[S_?+n(t)w chvl,])
tre—H/T '

d‘ZO. o0 - o tl‘(
~ . ~ w —iqja
A x S(w,q,T) ./o dte Ej e~ "4J90

energy /mtm transferred to sample



What we want to calculate: Spin-S Heisenberg Chain

H=J) S, -Sn+1, S2=5(S+1)

n

| large integer S, low enerqies
S; ~ S(—1)"n(x) + M(z) S S S

M(z) = %n(a:) X 81;&:1:)
. v UV = (.
0(3) nonlinear / _ —n-9n  Constraint: n-nsl U 00%
sigma model 29 g=2/S
Suscepfibility X(w,k — 1 — q) X _z'/dt dr eiwt—iq:z:([na(t’x), na(0,0)]>T
around k=t/ao: 40
around k=0: x(w, q) oc —i / dt dxr '~ ([M*(t,z), M*(0,0)])T

\q a.oi < T
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Integrable QFTs

Elementary excitations scatter purely elastically

\ pnbn
_ %:' :
— "
I
\ . b1
pnan/
Basis States: n>=|p1,...pn>ai.an
Total Momentum: Pn= Zja1 P

Total Energy: En=3j.1 €(p;) 2 nA

all momenta
conserved

individually!



Remarks:

1. Elementary excitations usually very complicated in terms of the
fields defining the theory (solitons rather than modes of field)

2. Elementary excitations are neither bosons nor fermions:
generalized commutation relations (Faddeev-Zamolodchikov algebra)

Zi(p)Zi (q) = S (p, 9) Z1(q) Z}(p)

interpolates between fermions (Ip-gl small) and bosons (|lp-ql large)



“Form Factor Bootstrap Approach”

(Karowski/Weisz ‘78, Smirnov ‘93, Lukyanov ‘95, Delfino/Mussardo ‘95, Balog/Niedermaier
‘97, Babujian/Karowski '99...)

consistency

scattering I Exact 2-particle
factorizable S-matrix

“crossing”
"Watsons equations”

Exact Matrix elements “minimal analyticity”

of local operators

{n| ©(0,0) Im)
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T=0 Dynamical Structure Factor

q) o /dt dz "' (0|n*(t,z)n*(0,0)|0)



=0 Dynamical Structure Factor

S(w, k= -q) o /dt dz =" (0|n*(t, z)n*(0,0)|0)
Qg ' A

2m |m><m|



=0 Dynamical Structure Factor

S(w, k= -q) o /dt dz =" (0|n*(t, z)n*(0,0)|0)

x (2m)? Z )(O\n.a(O, 0)|m) 2()‘(q — Pp) 0(w — En)

m

for w<nA at most n-1 part. states contribute = exact results.



=0 DSF for O(3) nonlinear sigma model at q=m

(Balog and Niedermaier ‘97, Affleck and Horton ‘99, Essler ‘00)

8e-04 L L I L O O B

6e-04 —

46-04 |-

S(w,m+q) N4

2e-04 -

0e+00

— very little spectral weight above the magnon peak.



sine-Gordon model & field-induced gap systems

H=> JS;-Sjs1— HS; —h(-1)'S] .

where h=const H

elementary excitations: soliton, antisoliton and several(H) breathers

= (2

C

2kpag

om-2kea, Kao

breather vs
soliton gaps

A /A

2

1.5

0.5




Calculated Dynamical Structure Factor Components

+q) C(H)

T
a,

Sxx (,

w

)
|

—
I

| — Bzand B4

—- B,B, and SS

(delta-function breather peaks have
been broadened by hand to show the
spectral weight)

+q) C.'(H)

[\

T
4

syy(w ,

w

—

Essler et al ‘97 '03

— . ssand B,B,
_— B1 and B3




Calculated Dynamical Structure Factor Components

+q) C(H)

T
a,

Sxx (,

w

\)

—

| — Bzand B4

—- B,B, and SS

J

+q) C.'(H)

0

T
a

syy(w ,

Essler et al ‘97 '03

4
— . ssand B,B,
—_— B1 and B3
3_
2_
|
j
N <
1 ~
| ~N .
] =~
/
\L
0 -
0 2

threshold singularity on top
of a scattering continuum.




Measured DSF for CDC Kenzelmann et al ‘04

| S : | I(meV"1)
0.2 04 06 08 1

(a) H=0TConfig. A

o — - -

1,§5_ -

d) H=11T Config. B

0 02 04 06 08 10 02 04 06 08 1



Measured DSF for CDC

"
' '|:;' "-'i
e 8 nplh. Ut
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0.4 —r—r
- 20 '; 0.3 l
- @«
‘> E o2
© 15 ¢ g
£ g°
7 10} T
G
=~ 05 - .
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00 05 1.0 15 20
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00t
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Q
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5 20
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m  2nd breather
| ¥ soliton

| ©) '&. [@
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All of this was for T=0 - how about T>07?
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T>0 INS Studies of Gapped Quantum Spin Chains

A. Integer Spin Heisenberg Chains (Xu et al ‘00, 07, Kenzelmann et al ‘01)

B. 2-Leg Heisenberg Spin-1/2 Ladders (zheludev et al ‘08, Ruegg et al '10)
C. Dimerized Heisenberg Spin-1/2 Chains (Xu et al ‘00, Tennant et al ‘09)

T=0: spin singlet ground state & gapped triplet of coherent
“magnon” excitations
E

1 CuNitrate
0.55
"d-function”arising 2 (D.A. Tennant et al ‘09)
from single particle ar
0.4
Gap "0.35




Linewidth and “T-dependent gap”

(A. Zheludev et al ‘08) 2-leg spin_1/2 ladder

(A) Line broadens with o .
increasing T. (a)

IPA-CuCl,

800

(B) Maximum shifts in energy: 600-

"T-dependent gap”.

BN

o

o
|

Intensity (counts / 2 min)
N
3

ho (meV)



Thermally Activated Scattering

CuNitrate
H = Z.]SQ_J . ng_+_1 -1- J,ng+1 . ng+2 ] -], < J.

J

a) 0005 01 045

(D.A. Tennant et al ‘09, ‘12)

asymmetric broadening

<
of magnon line
S 04
@®
E 13 "
= One-magnon .
503 Thermally activated
C °
g scattering
Intraband magnon already present in
0.1 L, = , state of thermal equilibrium
H}L : changes its spin

05 1 156 2 25
wavevector Q(2:/d)



Why T>0 dynamics is a difficult problem

Dynamical Structure / eiwt 3 g=ikl(g a
S t) S;
Factor (@)= Z e 55alt) 55)
T=0: S(w,q) =2m Z |(O|S;’|I<:)|2 0(w — Ey + Ep) 0(q — Fy)
states k

Only need ground state and 1 magnon excitation

T50: S(w.q) = °n Y e PEr|(n|S§K)[? (w — Ex + En) 6(q — P + Pn)

tr (e_ﬁH) states n.k




Lineshape of weakly interacting gapped fermions

e Single-particle spectral function of non-interacting fermions at T>0

1.,
Aw,q) = ——ImGirei(w > 0,9) x §(w — €(q))

— T-independent. Need interactions to get non-trivial lineshape.

e Dynamical Response of weakly interacting, massive particles

A(w, q) o I 1 >(w,q,T)calculable in
A(w,q) < 1m :
VT 00— 9 +T(@.q,T)  (Matsubara) PT for low T.
>0
A(w,Q) =0 A(w,9)
A single particle
multip rticle

/\Cont»muum

" i e(0) oo

Line-broadening gives fingerprint of interactions between particles.



Semiclassical Approach (Sachdev, Damle "98)
(Rapp&Zarand ‘06,'09)

Consider gapped 1D quantum magnet with coherent single-
particle excitation at T=0, dispersion &(q), gap A= &Q)
(e.g. Haldane-gap chains, 2-leg ladder, transverse-field Ising model)

DSF  S(w,q,T=0) ~ A(q) d(w-&(q)) + multi-particle

For “low T” the delta-function broadens in a
universal Lorentzian way (at q=Q) as

S(w,q,T50) ~ A(q) TXT) [(w-2(q))2+T4T)]! + multi-particle
widely used to analyze neutron data

Questions: Regime of applicability? How to go beyond?



. . (LeClair et al 96
Dynamical Correlations at T>0 LeClair/Mussardo ‘99

Konik ‘03 .....)

Basis of Hamiltonian eigenstates: H |r) = E; |r)

—BE

, __975(q + Py — P

@) = o 2 1(r1S°(©.0)ls)]

Magnon Gap = E=rA



Dynamical Correlations at T>0

Basis of Hamiltonian eigenstates: H |r) = E; |r)

Magnon Gap = E=rA

Must be regularized!

(1) Finite Volume Regularization (Essler&Konik ‘08, Pozsgay& Takacs ‘08)
(2) Infinite Volume Regularization  (Essler& Konik ‘09)



Dynamical Correlations at T>0

o—BEr _ ,—BE.

(w. — r|S¢(0,0 _ 25 P, — P.

1
tr (E’,_.BH) gs: gr,s(w, Q) + fr,s(W, Q)

Formally we have: &,.s(w,q)= (e F?)

S

r {j;t ' “Bare clusters”

E..




Dynamical Correlations at T>0

—BE, —BE

1 a 2 € — €
/w’ — - S OIO
X(w, q) tr((_,,_,3,#,)2;|<r| 0N ————F 7%

1
— tr (E’._'BH) ; g"‘,s(wa Q) + f"',s(w: Q)

Formally we have: 7s(w,q)= (Ne sF2)

Partition Function:

tr (e_’BH) — ZG_BE’ (I]l) =1+ f: Zn Z,=0@""%). 1 {_

m n=1

: 2mo(q + Pr — Ps)



Low-Temperature Expansion

Define “linked clusters”:

c',""

o
tn
B
S
%
T
——
H_
[Tl - %)
~
Il

s )
-

O(exp(-rBA))



low-T expansion for x(w,q):

Xw,q) = C + ¢ + C +... (LTE)
S~~~ S~ ~
O(1) O(ePA)  O(e—288)

Problem: subleading (in exp(-BA)) terms in x(w,q) more and more
divergent when w? — &%(q)

Solution:

(1) define =(w,q) through X(w,q)

N 1 — CO(WQ)E(“}QT) |

(2) Match expansion  X(w,q) =~ Co(w,q)+Ci(w,q)E(w,q,T)+ ...

to LTE = X(w,q,T)



Results for T>0 Lineshape in O(3) nlZm

DSF at q=m/ao for integer spin-S Heisenberg chain at low energies

1.25 ' | ' | ' | ' | ' | ' |
e widthe< T exp(-BA) R
® height< T exp(BA) E 1
e lineshape Lorentzian for 3
T<«A, w=A = agrees w. g 0751
semiclassical approx. E
(Damle/Sachdev ‘98) %“ 0.5
-
—
e lineshape asymmetric for 2025}
any T and w#A
e asymmetry increases w. T aL—
7

Damle/Sachdev result recovered at rather low T<0.1A



Higher Orders in Low-T Expansion

h
Hrpv=J) SiSi ., —h) Sp, 1> <-1>0

$7%(w,q=0,T)

Maximum moves in energy




Non-Integrable Models

e.g. Alfernating spin-Y2 Heisenberg Chain:

H =" JSy;-Sajs1+J'Ssj11-Saj4a, J < J.

J

J’=0 limit: uncoupled dimers

] J 3 Triplon
e e | _, B ) o
H—H J'=0 J'=0 J'=0 ] T | T |
e e o—*o @ e ®
J’=0 J’=0

-0

Ground State

"Triplon” S=1 Excitation

combine low-T expansion with Perturbation Theory in J’



Alternating spin-1/2 Heisenberg Chain CuNitrate

D.A. Tennant et al ‘09 , ,
( ) H=" JSy;-Sgjs1+J'Ssj41-S2542, J < J.

J

J'=0.237

a) 0005 01 045

asymmetric broadening

<
of magnon line
S 04
@®
E 13 "
= One-magnon .
503 Thermally activated
C °
g scattering
Intraband magnon already present in
0.1 L, = , state of thermal equilibrium
H}L : changes its spin

05 1 156 2 25
wavevector Q(2:/d)
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Intensity (normalised to unit area)
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Experiments on CuNitrate

(D.A. Tennant et al)

Constant Q scans: S(w,Q,T) for fixed Q and T

"Triplon” Broadening

Q=2n/d 120mK

3 0.4 0.5 0.
| A 0=2m/d 2K |
3 0.14 05 0.
Q=2n/d 3K -

3 0.‘4 05 0
Q=2n/d 4K -
3 U.‘4 U.'5 06

Energy (meV)

40

20t

30
20

10}
0
0.3 0.4 05 0.6
30 . -
0| Q=mfd 3K ]
10¢ 1
D X
03 0.4 05 06
30 -
o0l Q=mid 4K

a
0.

[ Q=mn/d 120mK

b)

3 0.4 0.5

| Q=m/d 2K

10} H ‘ 4
0 :

0.

3 0.4 0.
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Summary

e Many gapped quantum spin chains reduce to integrable QFTs
at low energies.

® There is an efficient method to calculate T=0 dynamical response
functions in these QFTSs.

® Low-T expansion for finite temperature dynamics.

e Low-T expansion applicable to certain non-integrable spin chains.

e Methods developed for T>0 dynamics allow analysis of
non-equilibrium problems.



Outline

1. Why low-D Quantum Spin Systems are interesting.

2. Some Gapped Quantum Spin Chains and their Quantum
Field Theory Limits.

3. Integrable QFTs.
4. T=0 Dynamical Response Functions in integrable QFTs.
5. T>0 Dynamical Response Functions (in integrable QFTSs).

6. Nonequilibrium Dynamics.



Quantum systems out of equilibrium

Idea:
A. Consider a quantum many-particle system with Hamiltonian H
B. Prepare the system in a state |y that is not an eigenstate.

C. Time evolution |P(t)) = exp(-iHt) W)

D. Study time evolution of local observables {PH)IOX)IP(+))
in the thermodynamic limit.



Quantum systems out of equilibrium

Idea:

A. Consider a quantum many-particle system with Hamiltonian H

B. Prepare the system in a state |y that is not an eigenstate.
C. Time evolution |W(t)) = exp(-iHt) W)

D. Study time evolution of local observables {PH)IOX)IP(+))
in the thermodynamic limit.

lW(1)? has a finite density of elementary excitations of the new

Hamiltonian H — like T>0



Experiments: "Quantum Newton’s Cradle”

T. Kinoshita, T. Wenger and D.S. Weiss, Nature 440, 900 (2006)

40-250 8’Rb atoms in a 1D optical trap

Position (um) «
-500 0 500 '

t 5:/8

/2

3r/8

t (ms)

/8

Essentially unitary
time evolution.

0 0.5 1.0
Normalized optical thickness



A different talk !






Energy (meV)

T>0 Dynamical Structure Factor of CsNiCls

(M. Kenzelmann et al '01)  (spin-1 Heisenberg chain)

CsNICI, (0.810811) (RITA) |

& T=02K

M.

10.61

0.37

Intensity (a.u.)

0.22

0.14

Energy Transfer ime')

T=0 delta-function = asymmetric continuum at T>0



Dynamical Structure Factor

Continuum limit of lattice spin operators:

- 1 on(x
S; =~ S(—1)"n(x) + M(z) , M(z) = —n(x) x n(:r)
Vg ot
Dynamical structure factor around q = m:
S(w, k= il + q) o /dt dr e™t—1areta(Bi—R) pa(t 1)n(0,0))
1y :

Dynamical structure factor around q = O:

S(w, q) ox /dt dr e™t—1arera(Ri—R) (pra(t ) M2(0,0))

Restrictions: formally S>>1, w<< J (& lqaol<< m).



Non-Integrable Models

A. Alternating spin-Y2 Heisenberg Chain:

H = ZJSQJ . ng+1 -1 J,S-gj+1 ' SQj.I_Q : J < J.
J

B. 2-leg spin-Y2 Heisenberg ladder:

H = J|| Z ZSa,j-Sa,jH +leslej -SQ,]' . J” < J.
J

a=1,2 3

J)1=0: uncoupled dimers (for A. along chain)

:
T T

Ground State "Triplon” S=1 Excitation

Low-T expansion works.



For Jj<<J . can still use Jj1=0 quantum numbers (in PT)
— combine low-T expansion with PT in J

Low-T DSF for 2-leg ladder: J)=0.1 J,, T=0.5 J., Q. =11/2

Asymmetry in W
depends on Q

np— I 4T>O “Resonance"
|
W] 1 2 3 u” 4 ] &



Low-T Expansion Method

Input: Energies E, and matrix elements (r|S%(0,0)ls)

Output: Dynamical susceptibility at low T (e-FA«1)

Can apply it to:

A. Integrable Models (know matrix elements exactly)
= 2(w,q,T) in terms of (simple) integrals

B. Models where we know the eigenstates to a good approximation



Linewidth and “T-dependent gap”

(A. Zheludev et al '08)  T=0 Gap A« Magnon Bandwidth

Intensity (counts / 2 min)

"Gap” 82=(A%(T)/A?-1 Halfwidth (T=T/A)

1000] , § IPA-CUCI,

|(a) 25

* CsNiCl, 2.0 '
8004 e IPACUC, G=(0.5,00) e
- ’ 2?:2333 q=(0.5,0,0.5) & I s { f
600 ; 5;:{%05 . E 1.5+ CEZ1.o. ;j %
— O(3-NLSM 5 ' %
1.5 --—-ONNsM % 0.5 *
400 I >~ 004»0151&@;'@;&% . . s
1.0 00 05 10 15 20 7
200- *§*~’£f§ A
0.5 o ’.é 1
o ARt
e 0.0 - —
o 1 2 3 4 0.0 0.5 1.0 1.5 2.0
ho (meV) 1 T

2-| in-1/2 '

-leq Spin- . . .

g SpP "quasi-universal” behaviour
ladder




Form Factor Bootstrap Approach

(Karowski/Weisz ‘78, Smirnov ‘93, Lukyanov ‘95, Delfino/Mussardo ‘95, Balog/Niedermaier
‘97, Babujian/Karowski '99...)

Exact
S-matrix m—

Matrix elements
of local operators

{n| ©(0,0) Im)



Sigma Model is Can construct exact eigenstates

: —

Integrable labelled by n particle momenta
Basis States: n>=|p,...pPn>ai.an
Total Momentum: Pn= Zja1 P
Total Energy: En=3j-1 €(p;) 2 nA

(Karowski/Weisz ‘78, Smirnov ‘93,
Form Factor BOO"'S"T‘GP APPT‘OdCh Lukyanov ‘95, Delfino/Mussardo ‘95,

Babujian/Karowski ‘99...)
integrability

i Idea: Use Lehmann
Matrix elements representation to

of local operators (nl (0,0 m calculate response
functions



2-Point Functions in Integrable QFTs

e.g. O(3) nonlinear sigma model £ = —d n-n- n-n=1
29

Purely elastic scattering = Hamiltonian eigenbasis of scattering states

p1a1\

Basis States: n>=|p1,...Pn>ai.an Idea: Use Lehmann
representation to

calculate response
Total Energy: En=2j-1 €(p;) 2 nA functions

Total Momentum: Pn= 3ja1 Pj



. . dane
Field Theory Limit of Integer-S Heisenberg Chain (Z?]lq::ke:;;

H=J) S, -Sn+1, S2=5(S+1)

large integer S, low energies

; 1 on(x)
S; =~ S(—1)"n(x) + . ” n(x) x 5

I () 1 — .
03) nonlinear, _ © dun-9n  Constraint: n-n=l U 000
sigma model 29 g=2/S

Dynamical Structure Factor
around g=m:

S(w, k = T +q) /dt dx ei“’t"'iqﬂ"{Ol'rza(t,:zt)n.a(0,0)|0>
g .



